
Proving Archimedes’ Method for Calculating Pi (π) using GCSE Level Mathematics 

by; 

Mr V. Kangellaris  

I have derived the following iteration formulae by adapting Archimedes’ method for 

calculating Pi (π). I have begun with a square inside a circle for the lower bound and 

a square outside the circle for the upper bound, then continued doubling the number 

of sides. By the end of my work I was calculating pi to a specified accuracy by using 

the difference between my lower bound value and upper bound value. My method 

assumes no prior knowledge of pi. I believe this work follows on from the author of; 

https://www.craig-wood.com/nick/articles/pi-archimedes/, who has only derived the 

lower bound.  

As the author of https://www.craig-wood.com/nick/articles/pi-archimedes/ has only 

derived the lower bound part of the formula they are unable to get their own error on 

their calculating and have had to rely on comparing their initial results to the 

accepted value of pi. 

I believe my derivations test Archimedes method for calculating pi and give the 

learners a chance to think about rounding to an appropriate accuracy, which was 

how Archimedes worked. It is also interesting to compare the final codes that myself 

and the author of https://www.craig-wood.com/nick/articles/pi-archimedes/ used. 

Who is the better mathematician? I will let you decide. 
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Here are the formulae that I will be deriving; 

 

lim
𝑛→∞

 2𝑛 𝑥𝑛 → π   

and 

2𝑛 𝑦𝑛 → π  

Where; 

2𝑛 𝑥𝑛< π < 2𝑛 𝑦𝑛 

𝑥1 = √2 

𝑥𝑛+1 = √2 − 2√1 −
𝑥𝑛

2

4
 

And 

       𝑦𝑛 =  
𝑥𝑛

√1−
𝑥𝑛2

4

 

 

  



Calculating a Lower Bound Value for Pi (π) 

The diameter of our circle is fixed at 2. All the polygons used when calculating a 

lower bound value for pi are regular, with all corners found on the circle’s 

circumference. 

The first regular polygon considered is a square where 𝑥1 is the length of one side. If 

the above is true then  𝑥1 = √2. See below 

 

 

The polygon’s sides are doubled by putting new corners equidistant between 

adjacent corners on the circumference.  This means any line segment formed using 

a new corner and the centre of the circle will bisect the side of the previous polygon. 



 

  



 

 

For an Octogon the length of a side is 𝑥2: 

𝑥1 = √2 

Line segment CJ is equal to 
𝑥1

2
 as point J is the midpoint of the line segment CD. 

As line segment AF is the perpendicular bisector of line segment CD and of length 

1. 

Angles CJF and CJA are 90 degrees. Using Pythagoras’ theorem;  

AJ = √1 −
𝑥1

2

4
 

FJ= 1 − (√1 −
𝑥1

2

4
) 

CF=√𝑥1
2

4
+ [1 − (√1 −

𝑥1
2

4
)]

2

 

Since our octagon is regular than: 



𝑥2 = √
𝑥1

2

4
+ [1 − (√1 −

𝑥1
2

4
)]

2

 

For the Hexadecagon the length of a side is 𝑥3: 

Line segment CW is equal to 
𝑥2

2
 as point W is the midpoint of the line segment CF. 

As line segment AN is the perpendicular bisector of line segment CF and of length 

1. 

Angles CWA and CWN are 90 degrees. Using Pythagoras  

AW = √1 −
𝑥2

2

4
 

WN= 1 − (√1 −
𝑥2

2

4
) 

CN=√𝑥2
2

4
+ [1 − (√1 −

𝑥2
2

4
)]

2

 

Since our Hexadecagon is regular; 

𝑥3 = √
𝑥2

2

4
+ [1 − (√1 −

𝑥2
2

4
)]

2

 

Since all new regular polygons are going to be formed in the same way, then the 

length of the new sides can be found using Pythagoras’ Theorem.  

Therefore; 

𝒙𝒏+𝟏 = √
𝒙𝒏

𝟐

𝟒
+ [𝟏 − (√𝟏 −

𝒙𝒏
𝟐

𝟒
)]

𝟐

 

𝒙𝒏+𝟏 = √𝒙𝒏
𝟐

𝟒
+ 𝟏 − 𝟐√𝟏 −

𝒙𝒏
𝟐

𝟒
 + 𝟏 − 

𝒙𝒏
𝟐

𝟒
   

 



𝒙𝒏+𝟏 = √𝟐 − 𝟐√𝟏 −
𝒙𝒏

𝟐

𝟒
 

 

Since the perimeter of the 

Square is 𝟐𝟐 √𝟐 

or 𝟐𝟐 𝒙𝟏, 

then the perimeter of the 

Octagon is 𝟐𝟑 √𝟐 − 𝟐√𝟏 −
(√𝟐)𝟐

𝟒
 

or 𝟐𝟑 𝒙𝟐 

Which can be generalised to; 

𝟐𝒏+𝟏 𝒙𝒏 

As we increase the number of sides, 

 𝐥𝐢𝐦
𝒏→∞

   𝟐𝒏+𝟏 𝒙𝒏 → 𝐂 

where C is the circumference of a circle with a diameter of 2.  

 

Since 𝝅 is defined in the following formula; 

C = 𝝅 𝑫, 

then 

 

𝐥𝐢𝐦
𝒏→∞

   𝟐𝒏 𝒙𝒏 → 𝛑 

 

Where; 

𝒙𝟏 = √𝟐 



𝒙𝒏+𝟏 = √𝟐 − 𝟐√𝟏 −
𝒙𝒏

𝟐

𝟒
 

 

Calculating an Upper Bound Value for Pi (π): 

 



 

The upper bound polygons are formed by the tangents at the corners of the lower 

bound polygons, as the lower bound polygons are regular and their corners are on 

the circumference of the circle, the tangents intersect to form upper polygon sides of 

equal lengths where the corners of the upper bound polygon are equidistant 

between the adjacent corners of the lower bound polygon. Hence, the line segments 

from the corners of the upper bound polygon to the centre of the circle bisect the 

sides of the lower bound polygons at right angles. 

 

Take 𝒚𝒏 to be the length of a side of our regular upper bound polygon with 𝟐𝒏+𝟏 

sides. 

 

Then following is true when considering similar triangles 



 

Triangles KFZ, KCZ, FZA, ACZ, KCA and KFA are all similar as they all have the 

same angles. This has come about because they are triangles which have been 

formed by joining the opposite corners of either a square or a kite. Also, as the 

angles in a triangle total 180 degrees and all the angles at the point of intersection Z 

are 90 degrees the following must be true; 

angle ZAC = a, FAZ = a (FAC is a bisected angle), ZCA = (90 –a), ZFA = 

(90 –a) (as line segment KA is a line of symmetry), KCZ = a(because KCA 

=90 and KCZ + ZCA= KCA), KFZ = a ( as line segment KA is being a line of 

symmetry). CKZ = (90 –a) (because KZC=90, CKZ + KCZ= 90). FKZ = 

(90 –a) (as line segment KA is being a line of symmetry) 

Considering these similar triangles and taking line segment KZ to be of an arbitrary 

length u; 

    𝒖    
𝒚𝒏

𝟐

=  
    

𝒙𝒏

𝟐
   

𝟏
 

𝒖 =  
𝒙𝒏  𝒚𝒏

𝟒
 

So using Pythagoras; 



(
𝒙𝒏

𝟐
)

𝟐

+ 𝒖𝟐 =  (
𝒚𝒏

𝟐
)

𝟐

 

 

(
𝒙𝒏

𝟐
)

𝟐

+ (
𝒙𝒏 𝒚𝒏

𝟒
)

𝟐

  =   (
𝒚𝒏

𝟐
)

𝟐

 

 

(
𝒚𝒏

𝟐
)

𝟐

− (
𝒙𝒏 𝒚𝒏

𝟒
)

𝟐

  =   (
𝒙𝒏

𝟐
)

𝟐

 

(
𝒚𝒏

𝟐
)

𝟐

(𝟏 − (
𝒙𝒏 

𝟐
)

𝟐

)   =   (
𝒙𝒏

𝟐
)

𝟐

 

(
𝒚𝒏

𝟐
)

𝟐

  =   
(

𝒙𝒏

𝟐 )
𝟐

(𝟏 − (
𝒙𝒏 
𝟐 )

𝟐

)

 

Simplifying to; 

𝒚𝒏 =  
𝒙𝒏

√𝟏−
𝒙𝒏

𝟐

𝟒

 

Since the upper bound polygon is always made in the same way and 𝒚𝒏 has been 

derived by considering the line segment KZ to be of an arbitrary length u, the 

formula for 𝒚𝒏 is true for all upper bound polygons. 

As the upper bound polygons we are considering have the same number of sides as 

the lower bound polygons. The perimeter of any upper bound polygon can be found 

by; 

𝟐𝒏+𝟏 𝒚𝒏 

 

As we increase the number of sides, 

 𝐥𝐢𝐦
𝒏→∞

   𝟐𝒏+𝟏 𝒚𝒏 → 𝐂 

where C is the circumference of a circle with a diameter of 2.  

And as 𝝅 is defined by the formula 

C = 𝝅 𝑫 

then 



𝐥𝐢𝐦
𝒏→∞

   𝟐𝒏 𝒚𝒏 → 𝛑 

 

My formulas were checked using Python Programming language, here was my first 

attempt; 

  

import math 

import time 

print("Caculating a value for pi by considering polygons with increasing 

numbers of sides") 

print("Polygons have been given a fixed diagonal of 2" ) 

print("___") 

n=1 

siDe_sQuared=float(2) 

for counter in range(21): 

    print("The number of sides of this polygon is", 2**(n+1)) 

    pil=siDe_sQuared**0.5*(2**(n)) 

    piu=(siDe_sQuared/(1-(siDe_sQuared/4)))**0.5*(2**n) 

    error=piu-pil 

    print("We have a lower bound value of pi equal  to", pil) 

    print("We have an upper bound value of pi equal to", piu) 

    print("The error in either of our pi values is", error) 

    print("___") 

    siDe_sQuared=float(2-2*((1-((siDe_sQuared)/4))**0.5)) 

    n=n+1 

time.sleep(2000) 

 

Here are my results: 



 
 

 



Due to way computers carry out their calculations we were having trouble with 

getting to a large amount of decimal places. We called on more of our Maths library 

to ensure we were getting the best results ( As did the author of https://www.craig-

wood.com/nick/articles/pi-archimedes/). We got our program to use the “decimal 

module” and “getcontext” to increase the precision of our calculating. The code was 

run until the difference between the upper bound and lower bound values was less 

than 10-103 to ensure that both the upper bound and lower bound values of pi round 

correctly to at least 100 decimal places. 

Here is my code; 

import math 

import time 

import decimal 

from decimal import Decimal, getcontext 

print("Calculating a value for pi by considering polygons with increasing numbers of 

sides") 

print("Polygons have been given a fixed diagonal of 2" ) 

print("___") 

n=1 

siDe_sQuared=decimal.Decimal(2) 

decimalPLaces=100 

getcontext().prec=(decimalPLaces*4) 

print("The number of sides of this polygon is", 2**(n+1)) 

pil=decimal.Decimal(siDe_sQuared.sqrt()*(2**(n))) 

piu=decimal.Decimal((siDe_sQuared/(1-(siDe_sQuared/4))).sqrt()*(2**n)) 

error=decimal.Decimal(piu-pil) 

print("We have a lower bound value of pi equal  to", pil) 

print("We have an upper bound value of pi equal to", piu) 

print("The error when our upper and lower bounds are subtracted", error) 

print("___") 

siDe_sQuared=decimal.Decimal(2-2*((1-((siDe_sQuared)/4)).sqrt())) 

n=n+1 
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while piu - pil >= decimal.Decimal(10**-(decimalPLaces+3)): 

    print("The number of sides of this polygon is", 2**(n+1)) 

    pil=decimal.Decimal(siDe_sQuared.sqrt()*(2**(n))) 

    piu=decimal.Decimal((siDe_sQuared/(1-(siDe_sQuared/4))).sqrt()*(2**n)) 

    error=decimal.Decimal(piu-pil) 

    print("We have a lower bound value of pi equal  to", pil) 

    print("We have an upper bound value of pi equal to", piu) 

    print("The error when our upper and lower bounds are subtracted", error) 

    print("___") 

    siDe_sQuared=decimal.Decimal(2-2*((1-((siDe_sQuared)/4)).sqrt())) 

    n=n+1 

 

else: 

    print("We are all done we have both values of pi which round correctly to at least ", 

decimalPLaces , "decimal places. ") 

    print("Our value of pi rounded to ", decimalPLaces , "decimal places is ", 

round(pil,decimalPLaces)) 

 

 

time.sleep(2000) 

 

Here are my results: 

 

 

  



Success!!! 

We have both an upper bound and lower bound which round to the same 100 

decimal place value. We have calculated a value of pi which has an accuracy 

determined by the formulae. You will also notice that after the 103rd decimal place 

our upper bound and lower bound values can no longer be rounded to the same 

value. 

When considering the limits of accuracy, the upper and lower bound will also round 

to a correct 101 decimal place value. However, this is as accurate as you can claim 

with an error of 10-3. I decided to be cautious when choosing the wording for the final 

code. 

I am sure you are going to try the code for yourself and even change the precision 

and decimal places. 

“ 

decimalPLaces=100 

getcontext().prec=(decimalPLaces*4) 

” 

You can find the accepted value of pi here; 

http://www.geom.uiuc.edu/~huberty/math5337/groupe/digits.html 

Here is some brilliant coding from “ https://www.craig-wood.com/nick/articles/pi-

archimedes/” it just uses the lower bound formula; 

import math 

import time 

import decimal 

from decimal import Decimal, getcontext 

 

def pi_archimedes(n): 

    """ 

    Calculate n iterations of Archimedes PI recurrence relation 

    """ 

    polygon_edge_length_squared = Decimal(2) 

http://www.geom.uiuc.edu/~huberty/math5337/groupe/digits.html
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    polygon_sides = 2 

    for i in range(n): 

        polygon_edge_length_squared = 2 - 2 * (1 - 

polygon_edge_length_squared / 4).sqrt() 

        polygon_sides *= 2 

    return polygon_sides * polygon_edge_length_squared.sqrt() 

 

def main(): 

    """ 

    Try the series 

    """ 

    places = 100 

    old_result = None 

    for n in range(10*places): 

        # Do calculations with double precision 

        getcontext().prec = 2*places 

        result = pi_archimedes(n) 

        # Print the result with single precision 

        getcontext().prec = places 

        result = +result           # do the rounding on result 

        print("%3d: %s" % (n, result)) 

        if result == old_result: 

            break 

        old_result = result 

 

if __name__ == "__main__": 

    main() 



 

 


