Proving Archimedes’ Method for Calculating Pi (11) using GCSE Level Mathematics

by;
Mr V. Kangellaris

| have derived the following iteration formulae by adapting Archimedes’ method for
calculating Pi (11). | have begun with a square inside a circle for the lower bound and
a square outside the circle for the upper bound, then continued doubling the number
of sides. By the end of my work | was calculating pi to a specified accuracy by using
the difference between my lower bound value and upper bound value. My method
assumes no prior knowledge of pi. | believe this work follows on from the author of;
https://www.craig-wood.com/nick/articles/pi-archimedes/, who has only derived the
lower bound.

As the author of https://www.craig-wood.com/nick/articles/pi-archimedes/ has only
derived the lower bound part of the formula they are unable to get their own error on
their calculating and have had to rely on comparing their initial results to the
accepted value of pi.

| believe my derivations test Archimedes method for calculating pi and give the
learners a chance to think about rounding to an appropriate accuracy, which was
how Archimedes worked. It is also interesting to compare the final codes that myself
and the author of https://www.craig-wood.com/nick/articles/pi-archimedes/ used.
Who is the better mathematician? | will let you decide.
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Here are the formulae that | will be deriving;
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Calculating a Lower Bound Value for Pi (11)

The diameter of our circle is fixed at 2. All the polygons used when calculating a
lower bound value for pi are regular, with all corners found on the circle’s
circumference.

The first regular polygon considered is a square where x, is the length of one side. If
the above is true then x; = /2. See below
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The polygon’s sides are doubled by putting new corners equidistant between
adjacent corners on the circumference. This means any line segment formed using
a new corner and the centre of the circle will bisect the side of the previous polygon.






For an Octogon the length of a side is x,:
x1 - \/E

Line segment CJ is equal to % as point J is the midpoint of the line segment CD.

As line segment AF is the perpendicular bisector of line segment CD and of length
1.

Angles ZCJF and ZCJA are 90 degrees. Using Pythagoras’ theorem;
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Since our octagon is regular than:
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For the Hexadecagon the length of a side is x5:

Line segment CW is equal to x2_2 as point W is the midpoint of the line segment CF.

As line segment AN is the perpendicular bisector of line segment CF and of length
1.

Angles ZCWA and ZCWN are 90 degrees. Using Pythagoras
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Since our Hexadecagon is regular;
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Since all new regular polygons are going to be formed in the same way, then the
length of the new sides can be found using Pythagoras’ Theorem.

Therefore;

X
Xpi1= |—+|1-| [1-2

X, X, X%
Xpiq = %+1—2 /1—% +1—%




X,,2
Xn+1 — 2—2 I—T

Since the perimeter of the
Square is 22 V2
or 22 x4,

then the perimeter of the
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Which can be generalised to;
2n+1 xn
As we increase the number of sides,

lim 2"1x,—>C

n—oo

where C is the circumference of a circle with a diameter of 2.

Since « is defined in the following formula;
C=mnD,
then
lim 2"x,—->m
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Where;
xl = \/E
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Calculating an Upper Bound Value for Pi (171):
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The upper bound polygons are formed by the tangents at the corners of the lower
bound polygons, as the lower bound polygons are regular and their corners are on
the circumference of the circle, the tangents intersect to form upper polygon sides of
equal lengths where the corners of the upper bound polygon are equidistant
between the adjacent corners of the lower bound polygon. Hence, the line segments
from the corners of the upper bound polygon to the centre of the circle bisect the
sides of the lower bound polygons at right angles.

Take y,, to be the length of a side of our regular upper bound polygon with 2m+1
sides.

Then following is true when considering similar triangles
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Triangles KFZ, KCZ, FZA, ACZ, KCA and KFA are all similar as they all have the
same angles. This has come about because they are triangles which have been
formed by joining the opposite corners of either a square or a kite. Also, as the
angles in a triangle total 180 degrees and all the angles at the point of intersection Z
are 90 degrees the following must be true;

angle ZZAC = a°, ZFAZ = a° (£LFAC is a bisected angle), Z/ZCA = (90 —a)°, LZFA =
(90 —a)° (as line segment KA is a line of symmetry), Z/KCZ = a°(because ZKCA
=90° and ZKCZ + ZZCA= ZKCA), ZKFZ = a° ( as line segment KA is being a line of
symmetry). ZCKZ = (90 —a)° (because £KZC=90°, ZCKZ + ZKCZ=90°). LZFKZ =
(90 —a)° (as line segment KA is being a line of symmetry)

Considering these similar triangles and taking line segment KZ to be of an arbitrary
length u;
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So using Pythagoras;



Simplifying to;

Since the upper bound polygon is always made in the same way and y,, has been
derived by considering the line segment KZ to be of an arbitrary length u, the
formula for y,, is true for all upper bound polygons.

As the upper bound polygons we are considering have the same number of sides as
the lower bound polygons. The perimeter of any upper bound polygon can be found

by;
2n+1 yn

As we increase the number of sides,
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where C is the circumference of a circle with a diameter of 2.
And as = is defined by the formula
C=nwD

then
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My formulas were checked using Python Programming language, here was my first
attempt;

import math
import time

print("Caculating a value for pi by considering polygons with increasing
numbers of sides")

print("Polygons have been given a fixed diagonal of 2" )

print("_ ")

n=1

siDe_sQuared=float(2)

for counter in range(21):
print("The number of sides of this polygon is", 2**(n+1))
pil=siDe_sQuared**0.5*(2**(n))
piu=(siDe_sQuared/(1-(siDe_sQuared/4)))**0.5*(2**n)
error=piu-pil
print("We have a lower bound value of pi equal to", pil)
print("We have an upper bound value of pi equal to", piu)
print("The error in either of our pi values is", error)
print("_ ")
siDe_sQuared=float(2-2*((1-((siDe_sQuared)/4))**0.5))
n=n+1

time.sleep(2000)

Here are my results:



& *Python 3.3.2 Shell*
File Edit Shell Debug Options Windows Help

We have a lower bound value of pi egqual to 3.14159263346324E82
We have an upper bound value of pi equal to 3.1415592691216594
The error in either of our pi wvalues is 5.77536%1e06E766e—-08

EEE number of sides of this polygon is 32768

We have a lower bound wvalue of pi egqual to 3.1415592654B075E9
We have an upper bound wvalue of pi equal to 3.14155%2665924e012
The error in either of our pi values is 1.443842290171915e-08

EEE number of sides of this polyvgon is 65536

We have a lower bound wvalue of pi equal to 3.14155926453212153
We have an upper bound value of pi egqual to 3.1415592648%308212
The error in either of our pi wvalues i=s 3.6096059474743925e-08
EEE number of sides of this polygon is 131072

We have a lower bound value of pi egqual to 3.1415926073757197
We have an upper bound value of pi equal to 3.1415926082T7E81214
The error in either of our pi wvalues is S.02401708913203e-10

The number of sides of this polygon is 262144

We have a lower bound wvalue of pi egual to 3.14155925910593%96727
We have an upper bound wvalue of pi equal to 3.1415592911165273
The error in either of our pi values is 2.250004272283007ee-10

?EE number of sides of this polyvgon is 524288

We have a lower bound wvalue of pi equal to 3.1415941251485181
We hawve an upper bound value of pi equal to 3.14159412525158913
The error in either of our pi values 1i=s 5.640021782937765e-11

EEE number of sides of this polygon is 1048576

We have a lower bound value of pi equal to 3.141596553704E815%¢6
We have an upper bound wvalue of pi equal to 3.14159g553718482
The error in either of our pi wvalues is 1.410027e501945338e-11

The number of sides of this polygon is 2097152

We have a lower bound wvalue of pi equal to 3.141539655370481%9¢
We have an upper bound wvalue of pi equal to 3.141596553708345
The error in either of our pi wvalues is 3.5251801477ES9787e-12



Due to way computers carry out their calculations we were having trouble with
getting to a large amount of decimal places. We called on more of our Maths library
to ensure we were getting the best results ( As did the author of https://www.craig-
wood.com/nick/articles/pi-archimedes/). We got our program to use the “decimal
module” and “getcontext” to increase the precision of our calculating. The code was
run until the difference between the upper bound and lower bound values was less
than 10719 to ensure that both the upper bound and lower bound values of pi round
correctly to at least 100 decimal places.

Here is my code;
import math
import time
import decimal
from decimal import Decimal, getcontext

print("Calculating a value for pi by considering polygons with increasing numbers of
sides")

print("Polygons have been given a fixed diagonal of 2" )

print("__")

n=1

siDe_sQuared=decimal.Decimal(2)

decimalPLaces=100

getcontext().prec=(decimalPLaces*4)

print("The number of sides of this polygon is", 2**(n+1))
pil=decimal.Decimal(siDe_sQuared.sqrt()*(2**(n)))
piu=decimal.Decimal((siDe_sQuared/(1-(siDe_sQuared/4))).sqrt()*(2**n))
error=decimal.Decimal(piu-pil)

print("We have a lower bound value of pi equal to", pil)

print("We have an upper bound value of pi equal to", piu)

print("The error when our upper and lower bounds are subtracted”, error)
print("_ ")
siDe_sQuared=decimal.Decimal(2-2*((1-((siDe_sQuared)/4)).sqrt()))

n=n+1
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while piu - pil >= decimal.Decimal(10**-(decimalPLaces+3)):
print("The number of sides of this polygon is", 2**(n+1))
pil=decimal.Decimal(siDe_sQuared.sqrt()*(2**(n)))
piu=decimal.Decimal((siDe_sQuared/(1-(siDe_sQuared/4))).sqrt()*(2**n))
error=decimal.Decimal(piu-pil)
print("We have a lower bound value of pi equal to", pil)
print("We have an upper bound value of pi equal to", piu)
print("The error when our upper and lower bounds are subtracted”, error)
print("__")
siDe_sQuared=decimal.Decimal(2-2*((1-((siDe_sQuared)/4)).sqrt()))

n=n+1

else:

print("We are all done we have both values of pi which round correctly to at least ",
decimalPLaces , "decimal places. ")

print("Our value of pi rounded to ", decimalPLaces , "decimal places is ",
round(pil,decimalPLaces))

time.sleep(2000)

Here are my results:

The number of sides of this polygon is 23945242826029513411849172299225580994042798784118784

We have a lower bound wvalue of pi egual to 3.14159265358979325846264533832795028841971693993751058209749445923078164062862089986280348253421
17067982139073710320018152027864046339195037268681566454120409449309451610826078741367371145736684557426841610697372159421501434910358293957953
93718017188464890876401032432207026278049173839196915675270322659353039915429007521088363136477680141435410384882150132027607278097322618313
5036280692932216009922857

We have an upper bound value of pi equal to 3.141592653580979325846264533832795028841971693993751058209749445923078164062862089986280348253421
1T70679821661121192068836372258057359733566206024468953030351633646632T75880920935988489331510954113173642577571146958627779943516309144249757240
13645583136572149142605489611176957913731704674238563004045086143653178531575274015897095070807524484598097292668402862700331347381315890122
1097449758921861378974709

The error when our upper and lower bounds are subtracted 2.70384088E8686548519794168963416158331563123076183106887156875978103320107565779949
6T46328068293410077221408355684420813987859557992861992756594810725826620445717896993163568253083504164732877476348430013861614626649480873193
4329844343162686907T862527306727240692839932718086061169065989645369051852E-104

We are all done we have both values of pi which round correctly to at least 100 decimal places.
Cur wvalue of pi rounded to 100 decimal places is 3.141592653589793238462643383279502884197169399375105820974944592307816406286208998628034
8253421170680



Successl!!!

We have both an upper bound and lower bound which round to the same 100
decimal place value. We have calculated a value of pi which has an accuracy
determined by the formulae. You will also notice that after the 103 decimal place
our upper bound and lower bound values can no longer be rounded to the same
value.

When considering the limits of accuracy, the upper and lower bound will also round

to a correct 101 decimal place value. However, this is as accurate as you can claim

with an error of 10-3. | decided to be cautious when choosing the wording for the final
code.

| am sure you are going to try the code for yourself and even change the precision
and decimal places.

decimalPLaces=100
getcontext().prec=(decimalPLaces*4)
You can find the accepted value of pi here;

http://www.geom.uiuc.edu/~huberty/math5337/groupe/digits.html

Here is some brilliant coding from “ https://www.craig-wood.com/nick/articles/pi-
archimedes/” it just uses the lower bound formula;

import math
import time
import decimal

from decimal import Decimal, getcontext

def pi_archimedes(n):

Calculate n iterations of Archimedes Pl recurrence relation

polygon_edge length_squared = Decimal(2)
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polygon_sides =2
for i in range(n):

polygon_edge length squared =2-2*(1 -
polygon_edge length _squared / 4).sqrt()

polygon_sides *= 2

return polygon_sides * polygon_edge _length_squared.sqrt()

def main():

Try the series
places = 100
old_result = None
for n in range(10*places):
# Do calculations with double precision
getcontext().prec = 2*places
result = pi_archimedes(n)
# Print the result with single precision
getcontext().prec = places
result = +result # do the rounding on result
print("%3d: %s" % (n, result))
if result == old_result:
break

old_result =result

if _name__ =="_main__":

main()






